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High-Level Planning Utilizing Mixed-Integer Optimization

Baselinel 2

With By < (0,1}

High-level planning with obstacles

N-1
i | > Ty
. MIQP framework requiring poEN k=0
. » Quadratic objective (-) st. xzo=4a,
» Linear constraints ()’ 0> R (2N, BN; Tov)s

> Bi i /
Binary variables for nonconvex 0> ht,model(xN)7

constraints
' Tpp1 = F'(xg, up),
/ ~
. 02 oy (i, B Fav),

0> Pioder (T, uk)
' + MIQP solver can find global optimum k ZOO:B. N ,7N _’1.
— High computational burden

1Qian et al., 2016.
2Quirynen, Safaoui, and Di Cairano, 2023.
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High-Level Planning Utilizing Mixed-Integer Optimization

Collision constraints with binary variables

Obstacle avoidance leads to nonconvex constraints

(Skv nk) o

n Fr

L.,

Feasible set F (green) around obstacle vehicle at time step k.
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High-Level Planning Utilizing Mixed-Integer Optimization

Collision constraints with binary variables

Long-Short Horizon MIQP

Decomposition into convex sets Pk{'} linked to binary variables

P

B =1

(sk,nk) °

Pl
gy =0

n P;ﬁ

LS By =0

Pl
g =0

Four binary variables B,ﬁ'} are used to formulate disjunctive constraints.
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High-Level Planning Utilizing Mixed-Integer Optimization

Collision constraints with binary variables

Decomposition for each prediction step and vehicle

eI

Binary variable required for each obstacle and each time step: Npin = 4N Nops.
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Efficient MIQP Formulations for High-Level Planning

To achieve speedup of baseline3:4:5

Baseline: MIQP-based obstacle avoidance. Number of binary variables Ny, = 4 Ngps V.

Approach Decoupling®

Decomposition MILP - NLP

Application

> Static obstacles

Features

+ Npin = Nobs
+ Real-time feasible (<25s)

3Reiter et al., 2021.
4Reiter et al., 2024a.
5Reiter et al., 2024b.
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Efficient MIQP Formulations for High-Level Planning

To achieve speedup of baseline3:4:5

Baseline: MIQP-based obstacle avoidance. Number of binary variables Ny, = 4 Ngps V.

Approach Decoupling® Approach 2-Horizon*

Decomposition MILP - NLP

Long & short horizon with
coupling in single MIQP

Application

Application
> Static obstacles
» Highways
S
+ Real-time feasible (<25s) + Nbin = O(Nobs + N)

+ Speedup: 2 to 100 times

3Reiter et al., 2021.
4Reiter et al., 2024a.
5Reiter et al., 2024b.
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Efficient MIQP Formulations for High-Level Planning

To achieve speedup of baseline3:4:5

Baseline: MIQP-based obstacle avoidance. Number of binary variables Ny, = 4 Ngps V.

Approach Decoupling® Approach 2-Horizon* Approach Learning®

Decomposition MILP - NLP Long & short horizon with

NN to predict binary variables of

coupling in single MIQP MIQP
Application
Application Application
> Static obstacles
» Highways » Generic high-level planning
(el 0 baselne)
F
b Num = Novs
+ Real-time feasible (<25s) + Nbin = O(Nobs + N)
+ Speedup: 2 to 100 times + Noin =0

+ Speedup > 100 times

— Requires safety framework
3Reiter et al., 2021.

4Reiter et al., 2024a.
5Reiter et al., 2024b.

Long-Short Horizon MIQP Rudolf Reiter



Outline

1. Introduction and Preliminaries

> Problem statement

> Basic approach: MIQP

» Efficient MIQP formulations
> Disjunctive programming
» Chebeychev centering

2. Method
3. Experiments and Results

Long-Short Horizon MIQP Rudolf Reiter 10



Product Linearization and Big-M Formulations

For a given compact set X C R and

continuous function f : X — R, The implications [ = 1] = [f(z) > 0] and
let M > maxqex f(x) and M < mingex f(z) [f(x) < 0] = [B=0] of a binary variable
denote an upper and lower bound of f(z) on B € Njo.q) that activates constraint f(z) >0,
X, respectively. The following properties hold is formulated as

for a given f: X — R.

For a product y = Bf(x), with y € R, the fz) > M(1-0).

following equivalence holds for all x € X

and 3 € Njg.y;: The implications [8 = 0] = [f(z) < 0] and

[f(x) > 0] = [8=1] of a binary

y < MB§B, variable 8 € Njg,qj that gets activated if

y > M§B constraint f(z) > 0 is valid, is formulated as
y=p01f(x) < VN o

v <fz) = M(1-5), f(a) < TIB.

y > f(x)—M(1-p).
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Formulating Disjunctions within MIQPs

The disjunction \/iil[fl(x) > 0] is formulated by adding N binary variables 3; € Njg.1) with
i € N{1.n], and the conditions

N
Zﬁi >1
i=1

For an exclusive disjunction, it is required that

[Bi = 1] & [fi(z) > 0],Vi € Nj1.n
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Long-Short-Term Formulation

Preliminaries: Chebychev Center

The Chebychev center (CC) of a polyhedron P = {x | Az < b}, with A € R™*™ and b € R™,
is the center * € R™ of the largest ball B(a*,7*) = {z | ||+* — z|| < 7*} contained in P. The
radius r* is called the Chebychev radius. With A; and b; being the i-th row of A and b,
respectively, the CC and Chebychev radius can be computed by solving the linear program

min —7r
7T
st A +rl|Agll2 < b i€ Nppy)

r>0
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High-Level Overview

Separation of the planning problem in two horizons:
(i) Geometric abstraction for many transitions (LTF), (ii) linear model for first transition (STF)

Long-Short-Term Motion Planner (LSTMP) as MIQP

Long-Term

Planner (LTF)

Short-Term Planner (STF)

(12,02)
°

(Tl7 01)

)
coupling constraints

T environment state STF trajectory X
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Short-Term Formulation (STF)

Convex sets for transition into next lane

Fle,n Tl mmmm Ff Q7o
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Short-Term Formulation (STF)

Convex sets for transition into next lane

» Linear model for vehicle dynamics: xp1 = Axy + Bug

» Using binary variables Ay to define lateral reference ni;,. The STF models a maximum of
one transition to the next lane.

Nk = diane Ak, k € Njo:n), Ak1 = Ak, k€ Ng.y -1y

» Transition follows three stages w.r.t. lane change duration #;. and transition time 7
1. The ego lane is tracked for t < 71 — 1i.. States constrained to F;"
2. Transition to the next lane for 71 + %ﬁc >t>T — %flc. States constrained to }'ingr
3. The next lane is tracked for t > 7 + %flc. States constrained to ]-'g";

|

> We use binary variables \ to constrain transitions to sets, with nic = [ and

[]. — >‘k+nlc = ].] — (tk, Sk,ﬂk) c ./_‘.1+,
Netnie = Mveme = 1] = (t, sk,m0) € Fiys,s
[/\k—mc = 1] — (tk, sk,nk) c f;;.,
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Long-Term Formulation (LTF)

Free configuration spaces

» Surrounding vehicles (SVs) and gaps are uniquely enumerated
» We want to look at how free spaces evolve over time?

l= lgap(i) = lveh(i)

lane [ 41 - vehicle \‘ -
lane [ - gap ¢ -

lane [ — 1
. »
T—» S - surrounding vehicles (SV)
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Long-Term Formulation (LTF)

Free spaces defined by intersection of hyperplanes

> Sets /\/Z,S;L and S, define half-spaces in the spatio-lateral-temporal (SLT)-space
> Free set S rear to vehicle i

> Free set S, in front of vehicle ¢

vehicle prediction bounded by sets vehicle ¢ vehicle i + 1
- )  —

]
.. ego vehicle ego position (s, n)

vehicle 4
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Long-Term Formulation (LTF)

Position-time (ST) view

» Surrounding vehicles (SVs) 4,7+ 1 and i + 2 are assumed to move within cones O;, 0,11
and O, in position-time-space (ST space) on single lane (if not blocked).

371 2(t0)
5141 (to)

& (t

>

t(s)
Occupied ST space of three SVs
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Long-Term Formulation (LTF)

Construction of obstacle-free sets Si+

Longitudinal obstacle-free space S;" for an SV with index i is constructed by also considering
slower leading SVs. Red trajectories correspond to samples of possible SV trajectories.

A

SV sample trajectories
constrained by leading vepicles

s (m)

to t (S)

Free space S;" includes linear shifted constraints of all leaders.
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Long-Term Formulation (LTF)

Combining free longitudinal spaces to guarantee safe lane changes

> Safe transition from lane [ to [ + 1 — intersection of individual free spaces to obtain F'° (green)

» Three gaps g2, g3, and g4 on the consecutive lane [ + 1 are available to transition from gap
index g1 and lane [

A lane [ + 1 lane [ ‘\///
. gap ga Fo1.04

G
]:91 194

| = 7 z
o 93 ~ i 91 % o

lc
91,93

].'
lc » :,
92 ~ . . ‘791 192 P Fle
3 . 9,92

t=tg n (m) t(s)

Y

Possible gaps in Frenet coordinates (left) and ST coordinates (right).
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Long-Term Formulation (LTF)

Reachable set in the ST-space

» Next, we consider approximate the possible ego trajectories by cones R

» This is the most "severe” approximation, usually reachable sets of point masses would be
nonconvex, quadratic in one dimension

» We assume cone shifted by traversal time ¢, from last transition (time 77, lon. position o)

A R(Ti41,0141)

R (71,01)

(T141,0141)

s (m)

tor

(11, 01) >
>

t (s)

Reachable on lane [ and after transition on lane [ + 1
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Long-Term Formulation (LTF)

Bringing all together (CC centering, reachable set, SV sets)

» Looking for the transition 7;, o; that is farthest away from obstacles

» Using Chebychev center (CC) centering to find transition and constrain center to reachable set

s (m)

I+ 1= lyen(i2) = lyven(is)
I = lyen(i1)

t (s) -

CC (red) of the transition to lane [ + 1 from gap i1 to gap i3 with two SVs on the next lane [ +1
(yellow) and one SV on the current lane [ (grey).
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Long-Term Formulation (LTF)

Disjunctive programming in the ST-space

» Continuous decision variables for LTF:
> transition times T = [r1,...,70—1] "
> longitudinal transition positions ¥ = [o1...,05_1]"

» Reachable set constraint

o141 < 01 + Top(T141 — 71 — 721c)}

Rim,on) = {(TZH’JIH) o141 2 01+ Vop (141 — 71 + te)
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Long-Term Formulation (LTF)

Disjunctive programming in the ST-space

Chebychev centering within a given sequence of gaps
» Sequence of gap indices [g1,...,95-1]
» Transition radii R = [r1,...,71_1] "

> Chebeychev centering of [7, o] € S written as hf (7,0,7) <0

> Chebeychev centering of [, o] € S OS; written as hy(7,0,7) <0

» Maximizing the sum of all Chebychev radii, given a sequence of gaps

L—1
RI’HZH}T — Wsafe ; T (]‘a)
s.t. h;rl (Tl, O’l,Tl) < 0, le N[LL_Q] (1b)
hg o (Ti,001,m1) <0, 1€ Npp_g (1c)
r<r, l€Npyr_q (1d)

Long-Short Horizon MIQP Rudolf Reiter 29



Long-Term Formulation (LTF)

Disjunctive programming in the ST-space

Disjunctive formulation among all gaps within a lane, including an extra virtual gap to avoid
transition

> Set of all gap indices on a particular lane G; := {g | | = lgap(9)}
» Disjunctions of constraints among “next lane gaps”

ﬂg+ }
\/ . s \N= N[I:Lfl],
gt €Giya [h9+ (71,00,m) <0

» Disjunctions of constraints among “current lane gaps”

By }
Vi € Njo.1,

+ . 2:L—1
gé/gz |:hg (Tlvo—l77l)§0 ’ [ b
» On the current lane [, related to transition [ only leading vehicle constraints are considered
» On the next lane [ + 1 related to transition [ leading and following vehicles on lane [ + 1

are considered

» For each pair of consecutive virtual gaps g and g+, with [(§7) = 1(g) + 1, we require

B+ > By
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Coupling of LTF and STF

Relating the first transition point of the LTF (71,01) to the STF states (¢, s;). The STF
already constrained the lateral state ny.

e = 1] Ak = 0]
k‘td >n| Vv ktd <7, vk € I\I[I:N]a
Sk > 01 Sk < Ok
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Experiments and Results

SUMO and CommonRoad Framework

1. Deterministic simulation with only braking interaction
2. Randomized SUMO scenarios with interactive cars

Vehicle Simulation and Long Short-Term Motion
Control N Planner
Z
<—
Low-Level STF LTF
NMPC <«
Xx*

1y 13

Ego Simulator

X

Traffic Simulation

z

=

Sumo
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Experiments and Results

Pros:
» Proposed LSTMP is up to 100x faster (10-40ms) than MIQP baseline®
» Computation time does not scale with prediction horizon
» Superior closed-loop cost compared to hybrid A* and MIQP baseline
Cons:
» Limited to unidirectional lane changes compared to MIP-DM
» Limited to highway scenarios
> Approximation of reachable set potentially causes recursive infeasibility (but always safe
due STF)
Outlook:
> |If we would allow MINLP formulations (nonconvex quadratic reachable sets), we would get
rid of STF, be recursive feasible, more accurate and achive a concise problem formulation
» Test MINLP solver from Andrea?
» Probably there exists a similar bidirectional formulation

6Quirynen, Safaoui, and Di Cairano, 2023.
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Thank you for your attention!
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